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Abstract. In this paper, we study two-component versions of the periodic 
Hunter-Saxton equation and its /^-variant. Considering both equations as a 
geodesic flow on the semidirect product of the circle diffeomorphism group 
Diff(§) with a space of scalar functions on S we show that both equations are 
locally well-posed. The main result of the paper is that the sectional curvature 
associated with the 2HS is constant and positive and that 2/iHS allows for a 
large subspace of positive sectional curvature. The issues of this paper are 
related to some of the results for 2CH and 2DP presented in 



1. Introduction 
The Huntcr-Saxton (HS) equation 

(1) Utxx + 2UxUxx + UUxxx =0, x G S, t> Q 

was derived in 



18j as a model for propagation of orientation waves in a massive 
nematic liquid crystal director field. The function u{t, x) depends on a space vari- 
able X and a slow time variable t. In recent years, the question of the existence and 
regularity of solutions to ffl as well as integrability properties have been examined 
in great detail, cf., e.g., [3, S 0i The HS equation can be regarded as the 
a — oo-limit of the Camassa-Holm (CH) equation 

rrit = —{nixU + 2mUx), m — {1 ~ ad^)u = u — aUxx 

which was introduced to model the shallow-water medium-amplitude regime for 
wave motion over a flat bad, f^; more precisely, the HS equation is equivalent to 

(2) mt ^ -{mxu + 2mux), m = {-dl)u ^ -Uxx- 

Alternatively, the HS equation can be regarded as the high-frequency or short-wave 
limit {x,t) ^ {ex,£t), for e — >• 0, of the CH equation, cf. 0,0. Similarly to the 
CH, the HS equation comes up from Langrange's variational principle with the 
Lagrangian 

Chs{u) = ^ J^uldx, 
cf. 19j , which differs from the Lagrangian for CH only in a term proportional to 



under the integral sign. The Euler-Lagrange equation for the modified Lagrangian 



C2Hs{u,p) ^ ^ [ uldx + ^ I p'^dx 
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is the 2HS equation 
(3) 



mt = -rUxU - 2mux - pp^;, 
Pt = -{pu)x, 



an integrable two-component extension of ([T]) which reduces to ([T|) for p — 0. 

We note that the two-component HS equation is a particular case of the Gurevich- 
Zybin system pertaining to nonhnear one-dimensional dynamics of dark matter 
as well as nonlinear ion-acoustic waves, cf. [s^l- Also, it is related to the two- 
component Camassa-Holm (2CH) system (which reads ([3|) with m = u~Uxx, 
via the short-wave limit. Note that for the 2CH equation, the second variable p can 
be interpreted as the fluid's density and its evolution equation in fact is the con- 
tinuity equation for velocity and fluid density. The two-component Hunter-Saxton 
^ equation is a special case of the two-parameter family of evolution equations 

{mt = -mxU ~ auxm ~ Kppx, 
m = -Uxx, (a,K)e]R^ 
p = -pux + (1 - a)uxp, 

from which it emerges for the choice (a, k) — (2,1). The system Q is of great 
importance for a variety of problems occurring in mathematical physics: A special 



case of the two-parameter family Q is the Proudman- Johnson equation [32|, [34 1 
for p = and a = — 1; this equation is obtained from the incompressible 2D Euler 
equations by a special ansatz for the stream function. Further relations to, e.g., the 
inviscid Karman-Batchelor flow \v\ , which derives from the 3D axisymmetric 
Euler equations, or the famous Constantin-Lax-Majda equation Q are explained 
in [i^ . We also refer the reader to {sij for an extensive discussion of well-posedness 
and blow-up for the general system (U). 

What makes the 2HS system particularly interesting is its potential exhibition 
of nonlinear phenomena as breaking waves and peakons In 21 [ the authors 



derive the 2HS equation as the N = 2 supersymmetric extension of the Camassa- 
Holm equation. They also work out the bi-Hamiltonian formulation and a Lax pair 
representation for the 2HS equation. Concerning geometry, the 2HS equation can 
be regarded as an Euler equation on the superconformal algebra of contact vector 



fields on the 1 1 2-dimensional supercircle. Finally, 2l| show some explicit solutions 
of like bounded traveling waves. 

Interesting variants of Eqs. ((!]) and ^ are obtained by using m = p{u) — Uxx 
instead of m = ~Uxx in © and ([3]), where p{u) is the mean of it : S — > M. This 
way we obtain the /iHS equation 

(5) = Utxx + '^UxUxx + UUxxx - 2p(u)Ux 

and its two-component extension 



(6) 



= Utxx +'2UxUxx+ UUxxx - '2'P.{u)Ux - PPx, 
Pt = -{pu)x- 

In [2^ it is explained that the /iHS equation models nematic liquid crystals with 
a preferred direction of the director field, e.g., coming from an external magnetic 
field acting on dipoles and turning them to this direction. Our motivation for 
studying the 2-component extension 2/iHS comes from the observation that the 
generalized system possesses an integrable structure [38] and the expectancy that 
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similar relationships between ^HS and 2/iHS compared to HS and 2HS might hold 
true. Both, ^ and are integrable equations related to the isospectral problem 

ipxx + imX + p^\^)Tp = 0, 

i.e., tptxx = '4'xxt and At = imply the 2/iHS equation (jS]). Equations ([S]) and ^ 
follow from the variational principle with the Lagrangians 

^tiHs{u)^l: [ u{fi- dl)udx 
^ Js 

and ^ ^ 

^2f,Hs{u,p) ^ - u{fi~dl)udx + - p^dx. 

^ Js ^ Js 

While there are some well-posedness results for the /iHS in [20[, there is no fully 
developed existence and regularity theory for its two-component version up to now. 
A first attempt to construct global weak solutions is presented in [28] . 

We now turn to the geometric theory behind ((!]), ([3]), ([5|) and ^ which will be 
relevant for this paper: Equations ([1} and ([5]) have been studied as geodesic flow on 



the circle diffeomorphism group iJ ''016^(5) of Sobolev class i?*, [23|,|20|. We provide 
some elementary results about recasting Euler equations as geodesic equations on 
infinite-dimensional Lie groups in an appendix of this paper; see Section [5] The 
strategy is to define a right-invariant metric on iJ*DifF(§), induced at the identity by 
the inertia operators —d^ and p—d^ respectively, and to prove its compatibility with 
an affine connection which is given canonically in terms of the Christoffel operator 
for the respective equation. This implies the existence of a geodesic flow and first 
local well-posedness result^. Moreover, computations of the curvature tensor and 
the sectional curvature for both equations have been performed. The meaningful 
results are that the sectional curvature is strictly positive for both equations and 
that HS has constant positive sectional curvature which motivates that, in this 
case, i?*DifF(§) is locally isometric to an L2-sphere. This sphere interpretation has 



various geometric consequences as explained in [2J, |25| . Furthermore, the positivity 
of sectional curvatures is related to stability issues for the geodesies, cf. Section [SJ 

In this paper, we extend some of the above results to the integrable 2-component 
extensions ^ and (jH]). In a first step we comment on how to choose a suitable con- 
figuration manifold for 2HS and 2/iHS; here, we will make use of semidirect prod- 
ucts. Then we give a proof of the fact that the curvature tensor for 2HS is of the 
same form as for HS with the only difference that the geometric objects contained 
therein have to be replaced by their two-component analogs. For 2/iHS we first ob- 
tain a curvature formula which is similar to the formula for the one-component /iHS. 
Second, we compute the sectional curvature in several two-dimensional directions 
and establish a positivity result. The paper is organized as follows: 

Section 2 explains the geometric structure of 2HS and 2/iHS; here we first re- 
call some results about the corresponding one-component equations and semidirect 
products which we will need in the following. The main goal of this section is to 
establish the existence of a unique local geodesic flow and local well-posedness for 
both equations. Section 3 is about the curvature of the product group associated 
with the 2HS. In Section 4 we express the sectional curvature for 2/iHS in terms of 
its Christoffel map and present a large subspace of positive sectional curvature. 



^For HS one has to factorizc H''Diff(§) by a subgroup as wc will explain in the following. 
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2. Geometric aspects of 2HS and 2^HS 

Let us denote by i/''Diff(§) the group of orientation-preserving difFeomor- 
phisms of § = R/Z where W ~ H''{§) is the Sobolev space of order s > on the 
circle. Note that, for any s > 3/2, _ff*DifF(§) is a topological group and a smooth 
Hilbert manifold modelled on the space iJ*, but not a Lie group, 23|, |3l|. We have 
riJ^Diff(§) ~ ff"Diff(§) X H^{S). 

2.1. The HS equation. Let us rewrite the HS equation as an autonomous system 
in terms of the local flow X{t) = {ip{t), (pt{t)) e riJ^Diff(§), s > 5/2, for the time- 
dependent iJ* vector field u{t, •) on S. The usual starting point is to compute (ptt- 
By the chain rule and from the relation ipt = u o ip^ we obtain 

^tt = {Ut + UUx) O if. 

We now have to replace ut by using Eq. But since Eq. ([T]) only includes utxx-, 
we differentiate twice with respect to x to obtain 

dl{ut + UUx) = Utxx + "iUxUxx + UUxxx 
— UxUxx 

(7) = \dxul. 

Now we are in need of the inverse of the operator A — ~d^. 
Lemma 1. Let A be the operator with domain 

D{A) = {f EH^iS); f{0) = 0}, s > 5/2. 
For any s > 5/2, A is a topological isomorphism 

DiA) ^ |/ e H^-\S); ^ fix) dx = o| 

with the inverse 

{A~'f){x)^- r r f{z)dzdy + x f r f{z)dzdy. 
Jo Jo Js Jo 

By Sobolev's imbedding theorem Ux £ C'(S) and hence the right-hand side of ([7]) 
is a function with zero mean. Thus it is in the domain of A~^ and we conclude 

Note also that Ut + uux must belong to the domain of A which suggests that we 
will need the assumption u(0) = 0. Setting 

(8) T{u,v) ^ -'^A^'^{uxVx)x, 

we obtain a symmetric bilinear operator H'^{S) x H^{Ei) H^{Ei). In fact, this 
Christoffel map is smooth which enables the following geometric approach, estab- 
lished in [2^: 

Let Rot(§) C i7*Diff(§) be the subgroup of rotations x h-> x + d for some 
d e M. We denote by i/''Diff(§)/Rot(S) the space of right cosets Rot(S) o ip = 
{ip{-) +d; e R} for ^ e iJ"Diff(S) and set M« = {(^ G H^BiSi^); ip{0) = 0}. We 
have 

= {id + u; It e H% Ux > -1, u{0) = 0} 
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and thus Af * is an open subset of the closed hyperplane 

id + id + {u e u(0) 0} C H" . 

Writing the elements of i/*Diff(§)/Rot(§) as [(^], the map [tp] H> if—ip{0) establishes 
a diffeomorphism i/''Diff(§)/Rot(§) Af*, showing in this way that is a global 
chart for i/''Diff(S)/Rot(S). Furthermore, all tangent spaces T^pM^ can be identified 
with i?^. Next, we define a right-invariant metric on _ff''Diff(§)/Rot(S) by setting 

(9) ([/, V}^^\[{Uo p-^)AiV o ^-1) dx^U^dx 

for tangent vectors U,V T^pM'^ ~ E'^ at e M*. Recall that the bilinear form 
(•, at the identity, induced by the operator A defined in Lemma [TJ is the H^- 
metric and that our definition of A ensures that {■, is indeed a positive definite 
inner product^. Furthermore the metric ([9]) is compatible with the affine connection 
V defined locally by 

(10) VxYiv) = DY{^) • X{^) - r(^; Y{^),X{^)), 

where T{(p; ■, •) = R^p o r(id, •, •) o R^^ is the smooth Christoffel map for the HS 
equation with r(id,M, u) = —^A~^{ux:Vx)x- As proved in [2^, the geodesies of 
the right-invariant metric are described by the HS equation: Let J C M be 
an open interval and let J —5- iJ*Diff(§) be a smooth curve. Then the curve 
w: J — >■ ridi?*Diff(§) defined by w: 1 1-^ ipt°(p^^ satisfies the HS equation ^ if and 
only if the curve J ^ H''Diff(S)/Rot(§) given by [(/?]: t [(f{t)] is a geodesic 
with respect to V. The geodesies in iJ*Diff(§)/Rot(§) can be found explicitly by 
the method of characteristics: For uq G TidM" with {uq, uq) = 1 the unique geodesic 
(p: [0,T*(mo)) with ip{0) = id and <pt(0) = uq is given by 

ip{t) = id - ^ {A-^dx (ul^)) (1 - cos2t) + ^UQsm2t, 

where the maximal time of existence is 

T*{uo) = — -I- arctan ( - min uax{x)] < 7r/2. 
2 \2 xes J 

Observe that the associated solution u = ptop^'^ e C{[0,T*y, E'')nC\[0,T*); E'-'^) 
of the HS is not unique; the set of solutions is 

{t ^ u{t, ■ - c{t)) + c'{t)} C C([0, T); H\E)) n ^^([O, T); H^-\^)), 

where T < T* is the maximal time of existence, c: [0,T) M is an arbitrary C^- 
function with c(0) = c'(0) = and if T < T*, then \c{t)\ 00 as t ^ T from 
below. Further geometric aspects of the HS equation are discussed in [2J, [3l ■ 

2.2. The /iHS equation. The inertia operator for /xHS is A = ^ — d^, where 
^(u) — J^udx. The following lemma can be found in [27[. 



The factor 1/4 is introduced to obtain that the sectional curvature for HS is identically equal 
to one. 



Curvature of semidircct product groups 



6 



Lemma 2. For s > 2, the linear operator A = ji — : i?" — !■ i?" is a topological 
isomorphism with the inverse 

px pa nl pa nb 

- / /(6)d6da+ / / / /(c)dcd6da 
Jo Jo Jo Jo Jo 



and the Green's function 

{A-^f){x) - j^9{^- x')f{x')dx', g{x - x') = \{x - x'f -]^\x-x'\ + 
Let s > 5/2. The Christoffel operator T = Fid for Eq. (P is 
(11) T{u, v) = ~A^^ ^m(^)« + m('^)w + ^u^Vx 

since /iHS can be written as ut + uu^ = r(u,w). The bihnear map 

([/, V) = ^i{u o ^-^)^i{v o y^-i) + /" dx, [/, F e r^i/^Diff(§) 

is 

defines a right-invariant inner product on _ff''Diff(S) and the pair (iJ''DifF(§), (•, •)) 
is a Riemannian manifold. The /iHS Christoffel map depends smoothly on ip and 
defines a Riemannian covariant derivative on iJ*DifF(§) via (fTO)) . compatible with 
the right- invariant metric (•, •). In consequence, the /iHS possesses a unique geodesic 
flow If G iJ*Diff(§). As a geodesic equation on iJ'*DifF(S), the /iHS reads (ptt = 
T^p{tft,ft) in Lagrangian coordinates. We also conclude that /iHS is locally well- 
posed in i?'* for s > 5/2, cf. 0. 

2.3. Generalities on semidirect products. Let G be a Lie group and F be a 
vector space. If G acts on the right on V , one defines 

(ffi^^'i) (.92,^2) = (.91.92, W2 +vig2) 

and with this product, G x V becomes a Lie group (the semidirect product of G 
and V) which is denoted as G®V . It is easy to see that (e,0) is the neutral 
element, where e denotes the neutral element of G, and that (g, v) has the inverse 
(5^^, —vg~^). To obtain the Lie bracket on the Lie algebra 0(3)^, we consider the 
inner automorphism 

I{g,v){h,w) = {g,v){h,w){g,v)~'^ = {ghg^'^ , -vg^'^ + {w + vh)g^'^). 

Writing for the induced infinitesimal action of g on V, i.e., the map 

V XQ^V, iv,0^ < := -^vg{t) 

t=o 

g{t) being a curve in G starting from e in the direction of ^, we obtain 

Ad(g,,)(e,w;) = iAdgtiw + v^)g-^), 
ad(^,^,) (^ , w) = (ad^^, < - wri) 

and hence 

[(6,^1), (6,-^2)] = ad(52,„,)(^i,i;i) = ([6,61,^^26 - viS,2). 

For our purposes, we consider the semidirect product of the orientation-preserving 
diffeomorphisms i/*Diff(§) with H^~^\ the structure of our equations motivates to 
enforce the second component to have one order less regularity than the first, cf. also 
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We will use the notation H'G and H^Go for the Lie groups i/"Diff(S)(Di?"-i(§) 
and [-ff''Diff(S)/Rot(S)](Di?''^^(§). The group product in these groups is defined 

by 

where o denotes the group product in i?''DifF(S) (i.e., composition) and fip :— foip 
is a right action of i?''Diff(§) on the scalar functions on §. The neutral element 
is (id,0) and {(p, /) has the inverse {(fi'^^, — / o f^^). The above calculations show 
that 

Ad(^j)(-u, p) = (Ad^u, {f^u + p)o ip-^), 
ad(„j)(u, p) = (ad^u, f^u - p^v) 

and 

[(ui,U2), (Wl,1'2)] = [[ui,Vi],V2xUl - U2xVl), 

where [ui, vi] = wijjMi — uiicVi is the Lie bracket induced by right-invariant vector 
fields on i7''Diff(§). Observe that TWO ~ WG x {H" x H"-'^) and TH'Gq ~ 
H^Gn X (E'^ X i?''^^). For further details about semidirect product groups we refer 
to 



SxiE 



2.4. The 2HS equation. Inspired by the results for 2CH and 2DP in [11 
work with the configuration space 

H'Go = [H'Dm{E,)/Rot{S)]®E'-'^{§,), s > 5/2. 

The Lagrangian for 2HS motivates to define the right-invariant metric on H'^Gq 
which equals the _ff^-metric for the first component plus the L2-metric for the 
second component at the identity (id, 0): 

(12) {U,V}^^j^ = {ui o ip^'^,vi o p^^)^J^ + {u2 o Lp~^,V2 o <^"^)i^ , 

for U = {ui,U2),V = {vi,V2) G T(ip ffH^GQ. Let A and as in Lemma[T]and 
With the 2HS Christoffel map T on E'' x E'-^ given by 

(13) ^iX,Y) = ( ^id(^l'^l) ~ 5^"H^2>2)x 

we define the map F: (M" x E'-^) x {E" x E"-^)'^ ^ x E'-^ 

(14) j)(X, Y) = F((^, /); X, Y) = V{X o p-\Y o p-^) o ^. 
Finally, we introduce the affine connection 

(15) WxY{^, /) = DY[p, f) ■ X{ip, /) - Tiiip, /); r(^, /), X(^, /)). 

The proof of the following proposition uses standard arguments and it is omitted 
for the reader's convenience. 

Proposition 3. Let s > 5/2. Let H^Gq = [H'Diff{3)/Rot{S)](§)E'-'^ (S) and let F 
be the Christoffel map defined in (fT5|) and (fH)) . Then F defines a smooth spray on 
H'^Go, i.e., the map 

is smooth. Moreover, the metric (•, •) defined in (|12p is a smooth (weak) Riemannian 
metric on H'^Gq, i.e., the map 
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is a smooth section of the bundle Cgyj^{TH'^Go',R)- Finally, the connection V and 
the metric (■,•) are compatible in the sense that 

X{Y,Z) = {VxY,Z) + {Y,VxZ) 

for all vector fields X, Y, Z on H^Gq. 

As a consequence, we obtain a unique local geodesic flow {ip{t), f{t)) G H'^Go 
for 2HS satisfying 

(16) i'PttJtt) = T(^^j){{ipt,ft), {'fit, ft))- 

Theorem 4. Let s > 5/2. Then there exists an open interval J centered at and 
an open neighborhood U of (0, 0) G x E''~^ such that for each (uq, po) G U there 
exists a unique solution {^p, f) € C°°{J, H'^Gq) of (|16p satisfying {ip{0),f{0)) = 
(id, 0) and {ipt{0), ft{0)) = {uo,po)- Furthermore, the solution depends smoothly 
on the initial data in the sense that the local flow ^: J x U ^ H'^Gq defined by 
$(t,uo,Po) = {v{t;uo,po),f{t;uo,po)) is a smooth map. 

Writing the Cauchy problem for 2HS in the form 

Pt + upx = -pux, 
(7/(0), p(0)) = (uo,Po), 

Theorem m implies that Eq. ([T7| in terms of the Euclidean variables u — (pt o (p^^ 
and p — ft ° </5^^ is locally well-posed. 

Corollary 5. Suppose s > 5/2. Then for any {uo,pq) £ E'^ x E'^~^ there exists an 
open interval J centered at and a unique solution 

(u, p) e C( J, E' xE'-^)^ G^ {J, E'-^ X E'-^) 

of the Cauchy problem (|17p which depends continuously on the initial data {uo,po). 

A similar result is true in the C"-category with n > 2. 

2.5. The 2/iHS equation. We define a right-invariant metric on H'^G, s > 5/2, 
which equals the inner product induced by /i — 9^ for the first component plus the 
L2 inner product for the second one at the identity, i.e., 

(18) (U, = m("i ° V^^)lJ-{vi ° V^^) + / ^^i^^ dx+ U2V2ipx dx 

for any U = {ui,U2),V = (wi,V2) e T(^^j)FF'G. With r° as in dlTl) we define a 
right- invariant Christoffel map for 2/iHS by 

^^^{x^,Y,)-^{^,~^l)-Hx2Y2)x \ 

— 2^XixY2 +Y1XX2) J 

and an affine connection via (jl5p . Then the following is easy to derive. 

Proposition 6. Let s > 5/2. Let H'G = H'T)iW{^)(i)H^-^ {^) and let T be the 
Christoffel map defined in ([19]). Then T defines a smooth spray on H'^G, i.e., the 
map 

(¥>, /) ^ r(^^/) : H^G ^ Cl^AH'i^) X W-\E)- F^(§) x H^-\S)) 



(19) r(id,o)(^,y) = 
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is smooth. Moreover, the metric (•,•) defined by (jlSp is a smooth (weak) Riemann- 
ian metric on H'^G, i.e., the map 

is a smooth section of the bundle C^y^^ {TH'^G;M.). Finally, the connection V is a 
Riemannian covariant derivative, compatible with (•,•). 

We thus know that the 2/iHS is a reexpression of the geodesic flow of the con- 
nection V defined in (ITSl) on the product H^G. The geodesic equation reads ([TB)) . 
We have the following local well-posedness result. 

Theorem 7. Let s > 5/2 and let T be the 2fiHS Christoffel map. Then there exists 
an open interval J centered at and an open neighborhood U of (0,0) e H''{S) x 
H^~^(E>) such that for each (uo,po) G U there exists a unique solution {^p, f) S 
C°-{J,H'G) of m satisfying icp{0)J{0)) = (id,0) and (^t(O), /t(0)) = K,Po). 
Furthermore, the solution depends smoothly on the initial data in the sense that the 
local flow J xU WG defined by ^{t,uo, po) = {(p{t;uo, po), f{t;uo, po)) is a 
smooth map. 

We write the Cauchy problem for 2/iHS in the form 

r ut + uu^ = -{fi-d^)~^ {^ul + 2p{u)u + ^p^)^, 
(20) < pt + upx = -pux, 
{ (w(0),p(0)) - (uo,po). 

It follows from Theorem [7] that 2/iHS is locally well-posed in x iJ*^^ for s > 5/2. 

Corollary 8. Suppose s > 5/2. Then for any iuo,po) G if*(S) x iJ''"^(S) there 
exists an open interval J centered at and a unique solution 

of the Cauchy problem (j20p which depends continuously on the initial data (uo,Po)- 

The previous results hold with the obvious changes also in the C"-category, 
n > 2. 

3. The curvature of H'^Go associated with the 2HS 

Let us denote by 

R{X, Y)Z = Vx'^yZ - Vy'^xZ - Vyx.Y\Z 

the curvature tensor of WGq equipped with the right- invariant metric (IT^ . In the 
following theorem we compute an explicit formula for R and show that the sectional 
curvature 

^ {R{X,Y)Y,X) 
{X,X){Y,Y)-{X,Yf 
has the constant positive value 1/4. 

Theorem 9. The curvature tensor for the 2HS equation on H^Gq, s > 5/2, 
equipped with the right-invariant metric (HH, for vector fields X,Y,Z, is given 
by 

AR{X, Y)Z = X{Y,Z)-Y {X, Z) . 
In particular, the sectional curvature for 2HS is constant and equal to 1/4. 
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Proof. We have the following local formula for R in terms of the Christoffel map 

R{X, Y)Z - D^Tp{Z, X)Y - D^Tp{Z, Y)X + Tp{Tp{Z, F), X) ~ Tj,{Tp{Z, X), F), 

for any vector fields X, Y, Z on H^G, where Di denotes differentiation with respect 
to p — {if, /). By right-invariance of F, i.e., 

it holds that 

R{X,Y)Z oip-'^ = R{u,v)w 
ifX = uoip^Y = voip and Z — w o ip. Therefore, it suffices to consider the 
curvature at (id,0). We write F = r(i(j_o) and denote the components of u by ui 
and U2 and similarly for v,w. A lengthy but straightforward computation shows 
that 

R{u,v)w = DiT{w,u)v — DiT{w,v)u + T{T{w,v),u) ~T(T{w,u),v), 

+T{wxUi,v) + T{vxUi,w) ~ r(w, v)xUi 
+F(F(w, v),u) — F(F(w, u), v). 
In the first component, we have the terms 

-T°{wixVi,Ui) + ^A^^{w2xVlU2)x - r°{uij;Vi,Wi) + ^A^^{u2xVlW2)x 
+r°{wi,Ui)xVi - ^[A~'^{w2U2)x]xVl + T°{wixUi,Vi) - ^A^'^ {w2xUlV2)x 
+r"(wij;Mi,U)i) - ^A^^{v2xUlW2)x - T°{wi,Vi)xUi + ^[A^^ {W2V2) x]xUl 
+r" ^F"(wi,Wi) - ^A^'^{w2V2)x,Ui^ + ^A^'^{wixV2U2 + VixW2U2)x 

Using that 

dxA~^dx = IjL-I 

and the relation 

T°{r°{'Wi,Vi),Ui) - F''(F"(wi,Ui),Wi) = -^Uifi{wixVix) + ^VifJ,{wixUix), 



cf. 23|, we see that these terms equal 

^A^^dx [{wixVi)xUix + {uixVi)xWix - {wixUi)xVix - {vixUi)xWix] 
-^(M - ^){'WlxUlx)vi + ^(/i - l){wixVix)ui 

+ ^^^^ [{'W2xVlU2)x + {u2xVlW2)x " {w2xUlV2)x " {v2xUlW2)x] 
- 1){W2U2)V1 + - 1)(W21;2)W1 



'^Uifl{wixVix) + - ^A ^ dx 



-\{^^ - 1)(W21'2) ) Ula 



(21) +\A-^dx 



- I)(w2li2) j Vi., 



+ ^A ^dx{vixW2U2 - UixW2V2)- 
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To see that the terms with A ^dx cancel out, we use that wi(0) — vi{0) = so that 
-wixUixVi - -uiWixVix = -A -wixUixVi - -uiwixvix 



= ^A ^dxiwixx{uivix - uixVi) 

+WixUiVixx - WixUixxVl), 

which coincides up to sign with the first row terms in (1211) . and 

1 1 .-1^2/^1 1 

-W2U2V1 - -W2V2U1 = -A dx\ -W2U2V1 - -W2V2U1 

= ^A^'^dx(w2x{v2Ul - U2V1) + ■W2{v2xUl - U2xVl) 
+W2iv2Uix - U2Vix)). 

Using A'^^d'^vi = —vi and A^^dxUi = —ui, the first component terms (PT|) thus 
reduce to 

^ui{fi{wixVix) + fi{w2V2)) - + m(w^2W2)), 

which is the desired expression. The second component terms are 

W2xVl] + ■^[{uixVl)xW2 + WixU2xVl] ~ -Vl[wi 

x^2 ~^ Ulx^2\x 

-^[{wixUl)xV2 + VixW2xUl] ~ -[{vixUi) xW2 + WixV2xUl] + -Ui[wi 
-]^{Vl{w,v)xU2 ^ UixV2{'W,v)) + ]^{Ti{w,u)xV2 + VixT2{w,u)) 

(22) 

and with dxA^^dx = — I we can simpUfy the last row terms 

1 1 , ,1 1 , X 

ri(W,V)x = -WixVix - -li[WixVix) + -W2V2 - -fi[W2V2) 

and 

1 I , ,1 1 , , 

ri{W,U)x = -^WixUix - -fi{WixUix) + -W2U2 ~ -fJ-{W2U2)- 

It is now easy to see that the terms in reduce to 

^U2{n{wixVlx) + K'W2V2)) -~ ^V2{fi{wixUix) + Ai(w2W2)) 

so that we obtain 

R{u, v)w — -u {v, w) — -V {u, w) . 
By the definition of the sectional curvature, we have 

{R(u,v)v,u) 1 



S{u, v) 



{u, u) {v, v) — (u, v) 4 



□ 



Remark 10. Since Lenells [23[ uses a different scaling for the H^-metric, he comes 
to the result that the sectional curvature for the HS is identically equal to 1. Note 
carefully that we have only used that ui and vi vanish at zero; a corresponding 
assumption on the second components is not necessary in the above proof. 
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The above result is of particular interest concerning the stability of the geodesic 
flow associated with the 2HS system, cf. the appendix. The very recent paper [s^ 
explains that the geodesic flow for the 2-coniponent Hunter-Saxton system allows 
a continuation (beyond the breaking time of the associated solution (u, p) of the 
original equation) on the space M.^^ = M^'~'(§)H^{S), where M^'^ is the set of 
nondecreasing absolutely continuous functions ip: [0,1] — ^ [0,1] with (^(0) — and 
ip{l) = 1. Precisely, the flow variables (</?,/) G ■Mac ^'^^ ^HS satisfy the geodesic 
equation (ipttjtt) = T(y,j){{ipt, ft), {ift, ft)) for any positive t. Interestingly, the 
space M^*-^ is bijective to the open subset 

- {/ e II/IIho - 1, / > a.e. on §} 

of the L2 unit sphere via the mapping 

(x^ifiix) = f f^{y)dy 







Lenells 



23l . |2J| used the Constance and positivity of the sectional curvature as- 
sociated with HS as a motivation to continue the geodesic flow on the infinite- 
dimensional sphere M'^'^, keeping in mind the well-known fact that any finite di- 
mensional Riemannian manifold with constant positive curvature is locally isometric 
to a sphere. In the interim, Wunsch [s^ already adopted this approach for the 2HS 
system so that our work may serve retroactively as a motivation for considering the 
problem of extending the flow variables on a suitable configuration space (which in 
fact works by multiplying the sphere M^'-^ with H^{S)). 

4. The curvature of H^G associated with the 2//IIS 

In this section, R and S stand for the curvature tensor and the unnormalized 
sectional curvature for the 2/iHS equation. 

Theorem 11. The unnormalized sectional curvature S{u, v) for the 2p,HS equation 
is given by 

S{u, v) = {T{u, v), T{u, v)) - (r(u, u), T{v, v)) - 3^(uia;Wi)^. 



Proof. The proof is similar to the proof of Proposition 5.1 in ll[; the single differ 



ence is that the additional terms involving in (5.4) of fv\\ do not cancel out but 
give —3fi{uixVi)'^ as explained in |20]. □ 

In the following we write Si, S2 to distinguish between the sectional curvature 



for the one-component /LtHS and its two-component extension. In 20[, the authors 
prove that Si{ui, vi) is always positive for any two orthonormal vectors ui and U2 
(with respect to the scalar product induced by p — d^). Since we have 

^^(("0 )'( )) = Siiui,vi), 

we see that ^2 is positive in the i?'*Diff(S)-direction. To find a large subspace of 
positive sectional curvature for 2/^HS with non-trival second component we compute 
S2{u, v) for 

cosfcix \ / cosZix 

cos k2X J ' I cos I2X 
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where ki ^ li G 27rN, i = 1,2; this is inspired by calculations in 11 1 and [26| where 
the authors show that the sectional curvature for CH is positive for any pair of 
trigonometric functions. Note that 

S2{U,V) = Si{ui,Vi) + ^ I {u2V2)x{tJ'~ diy^{u2V2)x<^X - [ {ui , Vi){u2V2)x dx 

+ 7 {uixV2 + vixU2)'^ dx - ^ (u2)x{fi - diy^{v2)xdx 

+ i I r"{ui,Ui){v2)xdx+l- I r'^{vi,Vi){ul)xdx - [ UixU2VixV2dx 

^ Js, ^ Js Js 

4 



Si{ui,vi) +y^/. 

J=l 



(23) 
where 



h = ^ [ {u2V2)x{fJ- - dl) ^{u2V2)xdx, 

h = -^Jy2Uf^-dl)-'{vl),dx, 

h = - 1 r°{ui,vi){u2V2)xdx + ^ 1 T°{ui,ui){vl)a:dx 

+ ^Jj°{vi,V,){ul)xdx, 
^4 = 7 I {uixV2 + VixU2f' dx - I UixU2VxxV2dx. 

We write A = jj. — &1. and apply the identity 

A^^dl = dxA-^dx = d'lA-^ = /i - 1. 

Using integration by parts and the orthogonality relations for trigonometric func- 
tions we find 



Siiui.vi) = {T'^{ui,vi),T°{ui,vi)) - (r"(ui,ui),r''(wi,ui)) - i^i{uixViY 
1 

2 „„ 

+ 7 / A-'[dx{ul,)]AV^{vuv,)dx 



\ I A-\dx{uixVix)]AT\ui,vi)dx 



= ^ 1 uij,vi j:°{ui,vi)xdx f ul^r°{vi,vi)^dx 

= -7 I uixVix{A-'^dl){uixVix)dx+l I ul^{A-^dl){vjJdx 

4 Js ^ Js 

= \KuIx)KV1x) 
- — A-2;2 



(24) 



Our choice of ki and li implies that the one-component sectional curvature is strictly 
positive. All we have to show is that the second component terms do not contribute 
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negative terms which make the total sectional curvature negative. Similar compu- 
tations show that the terms Ii and I2 in are 

/i = f U2V2dlA^^U2V2dx ^ ^ [ U2U2(1 - M)(u2f2) da; = i / u\v2dx 
4 Js 4 Jg 4 Js 



and 



Since 



- I T°{ui,Vi){u2V2)xdx = \ I ^ ^iuixVlx)x{u2V2)xdx 

= ^ I [{^ - fJ')iuixVlx)]u2V2dx 
1 

2 



= 7: I UixU2VixV2 dx 



we find that 



It follows from ^ and (El) that 



S2{u,v)^^{l + kl + ll + klll)>^. 

Our calculation also shows that the sectional curvature is equal to 1/16 in the 
direction of the second component since 

-((:)•(:))— 

We have thus shown the following proposition. 

Proposition 12. Let s > 5/2. Let S{u,v) :— {R{u,v)v,u) be the unnormalized 
sectional curvature on H'^G associated with the 2fj.HS equation. Then 

^(«'") > ^ 

for all vectors u, w £ T(id,o)^*G'; of the form 

cos/cix \ / cosZix 

cosk2X J ' \ cos?2a: 

Moreover, the normalized sectional curvature satisfies 

S{u, v) 1 



k^^ke {27r,47r, ...}. 



{v,v) - {u,v) 



2 



4 



for all vectors u,v £ T(^i^ Q^H''G of the form 

\ ), °, V ft2^Z2e{2^,47r,...}. 

C0Sk2X I \ COSI2X I 
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It is explained in j20| that the first-component configuration space i/''Diff(§) 
can be thought of as a soUd torus with a cross-section isomorphic to 7?*Diff(S)/S. 
The fact that the one-component sectional curvature is positive is proved by a 
decomposition of the tangent space Ti(j-ff'*Diff(S) = U (B V corresponding to the 
decomposition u = u + fJ-iu), where fJ-(u) = 0, i.e., U are the zero mean functions 
and ~ R are the constants. It is an open problem and a task for further research 
which geometric interpretations for the group H'^G associated with the 2/xIIS system 
can be given and which conclusions for the (non) existence of solutions of 2/iIIS can 
be drawn. While the present section shows the existence of subspaces of positive 
sectional curvature for 2/iIIS, one could ask whether 5*2 is always positive, for 
arbitrary second component functions, or whether there are directions of strictly 
negative sectional curvature. 



5. Appendix: Generalities on geodesic flows on infinite dimensional 
Lie groups and their stability properties 

In this appendix, we will survey the most important results of the seminal papers 
[il [13] which are relevant for the purposes of the paper at hand. It goes back to 
Arnold's work [l| to model both Euler's equation for a rotating rigid body and 
Euler's equation for an ideal fluid on a Lie group with an invariant metric. The Lie 
group for the rotating rigid body is the matrix group 50(3), whereas the motion of 
an ideal fluid is modeled on the diffeomorphism group Diff(M) of volume preserving 
diffeomorphisms of a certain manifold M. While the matrix group 50(3) has finite 
dimension and is equipped with a Ze/t-invariant metric, the group Diff(M) is an 
infinite dimensional Lie group which is equipped with a ri^/ii-invariant metric. The 
geometric viewpoint is not only aesthetically appealing, but is also very useful for 
the study of well-posedness and stability issues. In view of the results of the present 
paper, we provide a general overview about the geometric picture for ideal fluids 
(which corresponds to a right-invariant formulation), with a focus on the stability 
of the geodesic flow. 

Let G be a (not necessarily finite dimensional) Lie group with Lie algebra g c:^ 
TgG, where e denotes the unit element. We assume that there is an invertible linear 
operator A: g — > 0* which is, for historical reasons, going back to Euler's work on 
the rigid body motion, called an inertia operator. We also assume that g* ~ g 
(which can often be achieved by considering a suitable subspace of g*) so that A 
can in fact be regarded as an automorphism of g. Let Rg: G ^ G denote the right 
translation map on G. We obtain a right-invariant metric pA on G by setting 

Pa(u,w) = {A[DRg-iu], DRg-iv), 

for all u,v ^ TgG, where (■, ■) denotes the dual pairing on g* x g. If G is infinite 
dimensional, the map pA defines in general only a weak Riemannian metric on G, 
i.e., the natural topology on any tangent space TgG is stronger than the topology 
induced by the metric pAj cf. [10|. Let ad* denote the dual operator (with respect to 
Pa) of the natural action of the Lie algebra on itself given by ad„ : g — >■ g, w i— >■ [u, w], 
and define the bilinear and symmetric map 

: g X g ^- g, Be(u, v) = \- (ad*w + ad*u) . 
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Next, we introduce an af&ne connection on G given by 

(25) v^„e. = ^Kn,e.] + s(^n,e.), 

where ^„ is the right-invariant vector field on G with value u at e and B denotes 
the right-invariant tensor field with value B,, at the identity. Let g{t) be a smooth 
part in G and define its Eulerian velocity, which lies in the Lie algebra q, by 

u{t) ^ DRg-^t-^git)- 

The crucial point is that g{t) is a geodesic for the connection V if and only if its 
Eulerian velocity satisfies the Euler equation 

ut = ~B{u, u); 

see for instance. 

Interestingly the above formalism also works the other way round: Starting from 
an Euler equation ut — —B{u, u) with quadratic right-hand side, defined on the 
Lie algebra q of some Lie group G, and defining the connection V in terms of the 
operator B as in ((25|) , one sees that the Euler equation re-expresses a geodesic flow 
on the Lie group G. Nevertheless, it is not clear that there is a right-invariant 
metric pA on G, induced by some inertia operator A, such that the connection V 
is compatible with the metric in the sense that 

X {pa{Y, Z)) = pa{VxY, Z) + pa{VxZ, Y), 

for vector fields X, Y, Z on G. Recall that the equations under discussion in the 
main body of this paper are metric in the sense that they allow for a Riemannian 
structure. 

Let x{t) denote a geodesic in G and consider the geodesic variation x{t, s) with 
the associated variation vector field 

<lx{t, s) 



s=0 



ds 

It is well-known that ^ is a solution of the Jacobi equation 

where D/Dt is the covariant derivative, R is the curvature tensor associated with 
the connection V and v = x{t) is the velocity field. By a decomposition of the 
variation vector ^ into components parallel and perpendicular to the velocity v, 
Arnold showed that the Jacobi equation for the perpendicular component (which 
is henceforth also denoted as ^ for simplicity) can be written in the form 

= -grad U ^ -pA{i,OPAiv,v); 

here S is the sectional curvature of the two-dimensional subspace oiTx(^t)G spanned 
by V and ^. If the norm of v is equal to 1 (which can be achieved by a parametriza- 
tion of the geodesic by arc length), the Jacobi equation for ^ reduces to the harmonic 
oscillator equation with the potential energy U equal to the product of the curva- 
ture in the direction spanned by the velocity vector and the normal component of 
the variation with the square of length of this normal component. From this, it 
is obvious that S < implies an exponential divergence of the geodesies starting 
near a;(0), whereas for S > 0, convergence of the nearby geodesis is expected; cf. [2| 
for further details. This motivates our research for subspaces of positive sectional 
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curvature in the main body of the paper. Note that curvature computations for 
geometric evolution equations have a long tradition: They have already been car- 



ried out in the 1980's 1J,129| and in Misiolek's paper [30] about the Camassa-Holm 



equation; see also [22| for a more recent paper. 
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